Quantum particle is assumed located in an analytically perturbed harmonic-oscillator potential. Its motion along certain complex, PT −symmetric "toboggan" paths which N−times encircle the branch point in the origin is studied in both the boundstate and scattering regime.
Introduction
The class of the polynomially perturbed harmonic-oscillator potentials
proved often useful as a schematic phenomenological model as well as a certain laboratory for testing numerical methods [1] . These potentials may be characterized as "spiked in the origin", provided only that at least one of the exponents β = β min is negative. Here, for the sake of definiteness (and marginally also in the context of our recent study [2] ) we shall postulate the presence of a repulsive centrifugal-like spike with β min = −2 and g (−2) > 0.
A deeper motivation for the use of the spike g (−2) /x 2 in eq. (1) dates back to the early nineties when Buslaev and Grecchi [3] studied certain manifestly nonHermitian, PT −symmetric Hamiltonians where P means parity while T represents complex conjugation,
They proved that some of their potentials exhibiting a manifestly spiked form (1) are isospectral with certain self-adjoint anharmonic oscillators H (AHO) = p 2 +V (AHO) (x) = H † (AHO) . Similarly, the presence of the spike (connected with the underlying auxiliary changes of variables [4] ) was crucial in the rigorous proof [5] of the reality of the spectra for many other complex, PT −symmetric potentials of the form (1).
The enormous growth of the popularity of PT −symmetric potentials V (x) which may generate real spectra dates back to the 1998 letter by Bender and Boettcher [6] who emphasized that the analyticity of V (x) may play an important role [7] . As a consequence, one is allowed to define and integrate Schrödinger equation along various complex contours. This gives a broader meaning to the older idea of Bender and Turbiner [8] who noticed that the change of the boundary conditions may imply a deformation or even a complete change of the character of the spectrum under certain conditions. We developed this idea in our recent letter [9] where, in particular, we coined the name of "quantum toboggans" for all the Hamiltonians which are defined on a topologically nontrivial complex-coordinate curve C (N ) which N−times encircles the branch point at x = 0. A few elements of the PT −symmetric subset of the latter family (with, presumably, real spectra) have been shown to exhibit the so called quasi-exact solvability, i.e., a polynomial solvability though not for all states [10] .
Summarizing the message of our short note [9] we may say that the presence of the strong spikes in the potential (i.e., at least the single pole g (−2) /x 2 with a generic irrational g (−2) > 0) implies that all the bound-state wavefunctions ψ(x) must be understood as analytic, multi-valued functions which possess branch points. The latter observation may have consequences in many directions. Some of them are to
be outlined in what follows.
Firstly, in the two brief introductory paragraphs 2.1 and 2.2 of section 2 the more or less formal requirement of the perturbation-series convergence [11] encourages us to suppress inessential technical complications and to assume that max(β) = β max < 2 in eq. (1). Of course, such a guarantee of the relative boundedness of the whole anharmonic perturbation in (1) in the long-range region is, after all, merely technical and can be relaxed via a change of variables [4] . Nevertheless, its use will help us to understand the necessity of certain modification of the concept of PT −symmetry in the presence of branch points in ψ(x) (cf. subsection 2.3). A related emerging ambiguity of the very concepts of parity P and of complex conjugation T will be also clarified.
In the subsequent section 3 we shall discuss the possibilities of the existence of a nontrivial, PT −symmetric version of the analytic S−matrix (cf. subsection 3.1).
Using a solvable example in subsection 3.2 we show that and how this could lead to a new understanding of the PT −symmetric systems along directions initiated recently by Ahmed et al [12] and by Cannata et al [13] .
In our final section 4 we shall mention a few possible consequences of the presence of more than one branch point in the wave functions ψ(x) (subsection 4.1) and we shall add a brief summary of our results in subsection 4.2.
2 Potentials with a strong singularity
Spiked harmonic oscillator in complex plane
The three-dimensional harmonic-oscillator Schrödinger equation H (HO) ψ = Eψ with its ordinary differential radial re-scaled form
is one of the most popular illustrations of the formalism of the textbook Quantum Mechanics (TQM, [14] ). Traditionally, its bound states are sought in the usual Hilbert space L 2 (IR 3 ) and one may make use of the proportionality of the wave functions to the Laguerre polynomials,
Incidentally, the same differential eq. (3) may play the role of an illustrative example [15] in the various consistent formulations of the contemporary PT −symmetric Quantum Mechanics [16] . In eq. (3) one only has to replace the standard textbook
say, by the Buslaev's and Grecchi's [3] straight contour
which is complex, left-right symmetric and "twice as long". As a consequence, there emerge "twice as many" bound-state levels with a not too dissimilar structure. At an arbitrary real α(ℓ) ≡ ℓ + 1/2 and discrete n = 0, 1, . . . the new solutions retain the closed and compact form
and contain now a new discrete quantum number q = ± of quasi-parity [15] .
One more step has been performed in ref.
[9] where we followed the inspiration by ref. [3] and admitted the presence of a "realistic" perturbation λ W (ix) in the potential. For technical reasons we constrained our attention to the mere multinomial
On this background we imagined that after the perturbation the same differential equations (3) may generate different spectra (cf. also [17] ).
Basically, what we did in ref. [9] was just an extension of the idea of Bender and Turbiner [8] that every nontrivial change of the asymptotic boundary conditions changes also the spectrum in general. In this context we merely admitted the presence of a strong centrifugal-like singularity in the potential and deduced the immediate emergence of a topological nontriviality of the Riemann surface to which our wave function ψ(x) [defined by the differential eq. (3)] can be analytically continued.
These observations enabled us to replace the Buslaev's and Grecchi's straight contour (5) (and/or all its admissible analytic-continuation deformations C (BG) ) by the whole family of the nontrivial (we called them "tobogganic") contours C (N ) which N−times encircled the strong singularity of our Schrödinger equation in the origin.
In the purely technical context the explicit construction of the bound states ψ (N ) (x) in the "N−th quantum toboggan" of ref. [9] has been shown facilitated by the existence of a certain closed-form N → N − 1 transformation of the contour. In parallel, the apparent absence of such a transformation discouraged us from the transition to the potentials possessing several centrifugal-like singularities [i.e., branch points in ψ(x)].
Topologically nontrivial trajectories C (N )
Let us first recollect that our Schrödinger differential equation
is asymptotically harmonic since its perturbation W (ix) is dominated by the term g βmax (ix) βmax with a maximal power β max < 2. This means that equation (7) possesses the following two independent asymptotically exponential solutions,
As long as we may expect a generic, irrational value of ℓ we may treat these solutions of eq. (7) as multivalued analytic functions defined on a multi-sheeted Riemann surface with a branch point at x = 0. This means that along any ray x θ = ̺e i θ with the large ̺ ≫ 1 and at almost any angle θ we may re-label solutions (8) as "physical" [i.e., asymptotically vanishing ψ (phys) (x)] and "unphysical" [i.e., asymptotically
It is easy to verify that we have, explicitly,
and, vice versa,
Once we restrict our attention to the more usual scenario (9) we are now prepared to extend the definition (5) of the straight-line version C (0) of the "complexified coordi-
to the Riemann-surface values of the "tobogganic trajectories"
at any positive integer N > 0, using a suitable function ̺(ϕ, N) in the way discussed more thoroughly in ref. [9] . For the sake of definiteness we may recommend
which generalizes the Buslaev's and Grecchi's straight line at N = 0 to the smooth tobogganic spirals C (N ) at all N > 0 (cf. their N = 2 sample in Figure 1 where we choose ε = 0.05).
2.3
What is PT −symmetry in the presence of branch points?
In the complex plane K of x equipped with an upwards-oriented cut starting at x = 0 the complex-conjugation operation T :
is easily applied to the potentials V (x) as well as to the related wave functions ψ(x). In contrast, the introduction of an appropriately complexified parity operator P : x → −x seems less straightforward as its action upon the line C (0) proves discontinuous along the negative imaginary half-axis in K.
The doublet of the complex parity-like operators P (±) : x → x · exp(±iπ) might be preferred since both of them remain continuous. This is achieved at the expense of having some x ∈ K = K 0 mapped out of the space K, i.e., by definition, into the neighboring Riemann sheets K ±1 .
In the language of algebra the less immediate invertibility of the new operators
makes them even less similar to the standard parity involuntion.
At the same time their action remains independent of our (artificially set) cuts so that its definition and/or visualization becomes facilitated when our (single) cut is suitably rotated by an angle β (K → K β , cf. a few illustrative pictures in ref. [9] ).
After we admit a rotation of the cut, the new problem emerges since also the antilinear action of the operator T may only be well defined on the whole atlas of the Riemann sheets. One of the two eligible rotation-type innovations T (±) should be considered again, and the same conclusion must finally be also applied to the product of the operators P (±) T (±) .
One has still to keep in mind that in spite of the above formal non-involutivity difficulties the class of our single-branch-point Hamiltonians H (HO) in eq. (7) (which are asymptotically quadratic in x) remains sufficiently elementary. Indeed, using an elementary change of variables in the manner described in ref. [9] in full detail, all these single-branch-point operators may be perceived as equivalent to their certain non-tobogganic, asymptotically power-law partners H AHO .
It is necessary to emphasize that by the latter equivalence transformation the to-
of definition are being replaced by the Buslaev's and Grecchi's straight line C (0) again (cf. eq. Nr. (9) in ref. [9] for more details).
In the other words, all the subtleties arising in connection with the definition of PT −symmetry may be solved by their pull-back from the non-tobogganic H AHO .
We may summarize that the original left-right-reflection-symmetric interpretation of the PT −symmetry of any ψ(x) (defined, in K 0 , on the straight line C (0) with the geometric center at α = ϕ + π/2 = 0) finds its easy and intuitively appealing generalization in the α → −α geometric symmetry of the spirals of the type C (N ) with respect to their "main vertex" at ϕ = −π/2. For our purposes each tobogganic spiral C (N ) may be assigned its conjugate partner by using just the (arbitrarily selected) action of one of the eligible rotations T (±) ,
Of course, the non-tobogganic, standard point-wise complex conjugation is re-obtained at N = 0.
3 Scattering along the toboggans
Topologically nontrivial scattering trajectories A (N )
Up to now we kept the PT −symmetric version of Quantum Mechanics of toboggans specified by the bound-state boundary conditions at both the ends of the curves C (N ) ,
i.e., in the light and notation of eq. (9), by the pairs of the constraints
where
The subscripts i and f mark the angle of the "initial" and "final" Stokes-line ray,
respectively. This means that we have to select k f = 0 and k i = 1 at N = 0,
Now, let us search inspiration in certain reflectionless (or, if you wish, standingwave) real-line Hermitian models as studied in letter [12] . We will contemplate their generalization to our present PT −symmetric tobogganic context. In fact, the generalization is not difficult as it is sufficient to combine our present differential
Schrödinger equation
with the appropriately generalized scattering boundary conditions. This means that we require that the incoming beam moves along a specific (often called "anti-Stokes") line,
This scattering-like wave function is composed of the normalized incident wave ψ (i) (x) ≈ e i̺ 2 /2 in superposition with the reflected ψ (r) (x) ≈ e −i̺ 2 /2 . Similarly we select the outcoming beam (16) which contains just the transmitted wave ψ (t) (x) ≈ e i̺ 2 /2 . This notation generalizes the standard textbook scattering on the real line and the notation B and F reminds us of the coefficients called the "backward scattering" and "forward scattering" amplitudes, respectively.
For our present, asymptotically x 2 −dominated potentials (1) with β max < 2 we can specify the "in" and "out" ̺ → ∞ asymptotics of the respective lower-edge and
These choices preserve the PT −symmetry of the new anti-Stokes tobogganic scattering contours A (N ) obtained as the edge-of-the wedge boundaries (i.e., the respective
(L) ) of the preceding sets of the bound-state contours C (N ) at a given N.
Exactly solvable model
For illustration let us now omit the perturbation W (ix) from eq. (7) and discuss the solution of the resulting simplified Schrödinger differential equation
say, along the path A
(L) , i.e., in the first nontrivial scattering regime. In the first step let us notice the x ↔ −x and α ↔ −α symmetries of eq. 18) and recollect that on the asymptotic parts of the selected scattering trajectory
we may set x 2 = −ir with the real r ≪ −1 along the asymptotic part of the "in" branch and with r ≫ +1 for the "out" branch, respectively.
In the second step we shall set E = 2µ and restrict our attention to the generic case, ignoring, in a way paralleling the bound-state construction [15] , the exceptional -integer -values of α. This allows us to construct the general analytic solution ψ(x) of our ordinary differential Schrödinger equation (18) of the second order as a superposition of the expression proportional to a confluent hypergeometric function,
with its linearly independent partner χ (−α) (r).
In the third step we may employ the well known |r| ≫ 1 estimate for hypergeometric functions [18] and get the compact final asymptotic formula
Its inspection reveals that at the generic α > 0 and µ = E/2 > 0 the dominant asymptotic |x| = | (r)| ≫ 1 behaviour of the wavefunctions is "rigid",
We may conclude that unless the energies acquire specific values at which the dominant term (21) would vanish, the scattering properties of our model remain trivial.
This observation confirms that in general, even the "scattering" boundary conditions may lead to the quantization of the spectrum of energies in the way illustrated in ref. [12] on another, slightly less elementary class of certain "Hermitian" examples where, incidentally, the authors decided to "straighten" the contour A (0) ≡ IR by selecting the asymptotic behaviour of their potential V (x) accordingly.
We may also interpret our result (21) in a different perspective inspired by the standard scattering in the Coulomb field [18] where, due to the not sufficiently rapid asymptotic decrease of the potential the phase-shift of the oscillations of the scattered wave remains coordinate-dependent. In the other words, the Coulombic scattered wave ψ (Coul) out (r) becomes "distorted" by a power-law factor, sin(κr + const) → sin(κr + const · log r + const) .
In eqs. (20) and (21) the similar power-law distortion of the "free waves" ψ in,out (r)
occurs. For this reason a suitably modified definition of the scattering matrix S (measuring, de facto, the change of the ratio of two independent solutions due to the scattering) would be needed.
Discussion

Toboggans in potentials with more spikes
An interesting inspiration of the further model building may be found in ref. [19] where a hidden source of the emergence of the centrifugal singularity in a potential has been attributed to the standard construction of a spiked supersymmetric partner 
in terms of their shared superpotential W (x) which is, in its turn, defined by the well known formula [21] W
in terms of an "input" wave function ψ m (x). The point is that any wave function can be used now, due to the regularization effect of the PT −symmetrization [22] .
In this sense, the (m−plet) of the (simple) nodal zeros of the m−the excited state ψ m (x) becomes converted into the simple poles of W (x) (the zeros cannot cancel due to the Sturm-Liouville oscillation theorem) and into the second-order poles of at least one of the potentials in (22) (one should keep in mind that the poles brought by both the terms in (22) can -and often do -cancel).
It is now easy to imagine that the generic Riemann surface pertaining to the generic analytic wave function ψ(x) will have two branch points (say, in x = ±1) at m = 2 (etc). Unfortunately, the corresponding potentials (say,
etc) do not seem to admit closed-form solutions in any generic case with irrational G. Hence, any future analysis of the related bound states will have to rely upon sophisticated numerical methods [23] .
In an introductory remark we may only mention here that even an exhaustive analysis of the possibilities of the construction of the left-right symmetric tobogganic trajectories which would encircle the pair of branch points x = ±1 would be rather complicated since both the halves of these trajectories must be permitted to travel freely between the two singularities before they finally escape in infinity.
Summary and outlook
One of the most important innovations brought by the PT −symmetric Quantum Mechanics is that it decouples its models and observables (say, quantum Hamiltonians H) from an immediate correspondence to their classical analogues. In particular, once we allow that the coordinates x become complex (i.e., the "position" of a "particle" ceases to be observable), their role becomes virtually as formal and auxiliary as in relativistic (e.g., Klein-Gordon or Dirac) models.
In such a setting the concept of "model building" becomes less stringent and a bigger role is being assigned to a "guess work". In our present paper we understood the role of this "new freedom" as a challenge which forced us to study the formal Hamiltonians of quantum toboggans which do not seem to have any obvious source in, or inspiration by, Classical Mechanics. Definitely, in a way characteristic for modern physics, the real use of their formal development may only be expected to come a posteriori.
In this spirit our present paper complemented the more or less well established concept of PT −symmetric bound states by a new idea of their scattering counterparts. In fact, our preceding letter [9] on quantum toboggans considered just the bound-state solutions, but the very underlying idea of the topologically nontrivial "complex trajectories" of the corresponding quasi-particles looked, without an explicit indication of their possible "scattering", incomplete.
Our independent attempt at an innovation of the horizons of quantum modelbuilding may finally be seen in our note on the possibility of the constructions of the (topologically even less elementary) toboggans with more branch points on the Riemann surface of ψ(x). Of course, the fairly challenging mathematical character shifts any more detailed study of such a problem safely beyond the scope of our present paper.
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